PROPOSITION 1. Let f(z) be analytic on a region Ω containing the origin. Suppose there exist 0 < r < R and a Taylor decomposition f(z) = P(z) + z k + ι g(z)
such that (0)|z| < R implies z e Ω (1) r <\z\< R implies P(z) Φ 0 andg(z) Φ 0 (2) \z\ = R implies P(z) + λz* +1 g(z) Φ 0 for all λ > 1 (3) \z\ = r implies P(z) + μz k + 1 g(z) Φ 0 for all 0 < μ < 1 then f(z) has at least |deg(β) -1| distinct zeros z with r < \z\ < R, where deg(β) denotes the degree ofQ(z) as a map of A r R into C -0.
Proof. The Taylor quotient of /(z) is a well-defined map Q: A r R -> C -0 by hypotheses (0) and (1). Define p: C -0 -> A rR by
V -z ifθ<|z|<r
Then, by [2] , the map pQ has at least |deg(pβ) -1| = |deg(β) -1| fixed points. Hypotheses (2) and (3) imply that a fixed point of pQ is a fixed point of Q. D Proposition 1 seems difficult to work with. Even if we could verify those rather elusive hypotheses, we still have no guidance in computing the degree of the Taylor quotient Q(z). Consequently, we will instead make use of the following rather weaker result. PROPOSITION 
Let f(z) be analytic on a region Ω containing the origin. Suppose there exists R > 0 and a Taylor decomposition
thenf(z) has at least k + 1 distinct zeros z with 0 < \z\ < R.
Proof. Since Hypotheses (0), (1) and (2) clearly imply the corresponding hypotheses of Proposition 1, in order to show that Proposition 2 is indeed a special case, it remains only to find r satisfying 0 < r < R for which (3) holds. Let P(0) = a and g(0) = b, then a and b are nonzero by hypothesis and there exist positive real numbers r λ and r 2 , both smaller thaniί, such that
Let r be the smallest of r l9 r 2 , and \a/4b\ 1/k+1 , then |z|-r implies \P(z)\>\g(z)\r k+1 so (3) is certainly satisfied for this choice of r. The conclusion that/(z) has at least k + 1 zeros will now follow from Proposition 1 once we show that the degree of the Taylor quotient
Choose s > 0 so that \z\ < s implies both \P\z)\ < \a/2\ and |g + (z)| < \b/2\. Define J s = {z e C| |z| = ^} and consider the homotopy H: J s X I -+ C -0 given by lί(z, /) = -*-*(* + tg
Thus β on A r R , which is of the same degree as Q restricted to J s , is therefore of the same degree as the map h: J s -* C -0 defined by
wherey is the multiplicity of 0 as a zero of g(z). Thus we can write/(z) = P(z) + z k+J+1 h(z).
Proposition 2 now applies to this Taylor decomposition so in fact/(z) has at least k +j + 1 distinct zeros z with 0 < \z\ < R.
(2) If P(0) = 0, letj be the multiplicity of 0 and write
which is a Taylor decomposition. Remark (1) assures us that we may assume g(0) Φ 0. Thus Proposition 2 applies to h(z) and we can still conclude something about the zeros z of/(z) with 0 < |z| < i?, namely, there are at least k -j + 1 of them.
(3) It is easy to find examples of functions /(z) satisfying the hypotheses of Proposition 2. We will next examine the situation when/(z) is a polynomial. For a nonpolynomial example, let then Proposition 2 implies that/(z) has at least k + 1 zeros z such that 0 < |z| < 1.
A Taylor decomposition of a polynomial /(z) = a 0 + a x z + -+ tf n z" There is an algebraic algorithm for determining the number of distinct zeros of a polynomial [4; page 65]. However, the algorithm offers no information on the norms of the zeros and, more significantly, since it considers one polynomial at a time it fails to identify classes of polynomials with a specific number of distinct zeros. On the other hand, Proposition 3 can be used to put conditions on the coefficients of the polynomial that imply the existence of many zeros, as follows.
COROLLARY. // a polynomial is such that, for some k with 0 < k < n and some R > 0. The polynomial/(z) = a 0 4-a n z n obviously has n distinct zeros and, if 0 < |α o | < \a n \, then for each zero z we know 0 < \z\ < 1. We would therefore expect that if f(z) = a 0 4 a x z 4 4 a n z n where \a n \ is larger than |α o |, and both are much larger than \a } \ for 0 < j < n, then /(z) should still have n distinct zeros z, all with 0 < \z\ < 1. The Example, for the case k 4-1 = w, supplies some precision to this observation because it states that this conclusion holds whenever then the Example tells us/(z) has 5 distinct zeros z and the formula for R in its proof further tells us that for each zero we have 0 < \z\ < (.45) 1/5 < .86.
